I N T RO D U C T I O N
In a fluid, the presence of viscosity, which represents the frictional interaction between neighbouring fluid elements, transforms some kinetic energy of the fluid into heat energy for dissipation (e.g. Landau & Lifshitz 1966) . This so-called 'viscous heating' can potentially change the temperature and therefore material properties of mantle rocks. If viscous heating is large, then it can be very important because it can induce melting and therefore volcanism. It can also alter seismic properties and thus our interpretation of internal structure of the Earth, or alter mantle viscosity, which may in turn affect mantle dynamics. For example, viscous heating generated by tidal deformation induced by Jupiter may have caused volcanism on the Jovian moon Io (Ross & Schubert 1987; Segatz et al. 1988) .
There is speculation that glacial cycles may have triggered volcanism during the Quaternary (e.g. Nakada & Yokose 1992; Sigvaldason et al. 1992; Huybers & Langmuir 2009 , UenzelmannNeben et al. 2012 . The link between them is generally attributed to decompression (Jull & McKenzie 1996; Slater et al. 1998 ), but volcanism can also be triggered by viscous heating induced by Glacial Isostatic Adjustment (GIA) of the Earth in response to cycles of ice and ocean loading. Hanyk et al. (2005) modeled viscous heating due to GIA using simple ice load histories on a spherical Earth with linear rheology. They found that viscous heating can generate observable transient heat flux on the surface of the Earth. They also suggested that some degree of volcanism may be associated with viscous heating if the deglaciation period is short, and speculated that higher values of viscous heating can be generated if mantle rheology is non-linear. Indeed, if viscous heating is large enough at the base of the ice sheet, then glacial loading can also affect the stability of ice sheets by basal heating (e.g. Pattyn 2010 ). On the other hand, if viscous heating leads to lower mantle viscosity near the surface, then this would lead to faster land uplift and that may help to stabilize marine ice sheets (Gomez et al. 2015) .
In this paper, we improve on Hanyk's work by using a realistic ice history model ICE-6G (Peltier et al. 2015) together with realistic, self-gravitating oceans. As we shall see, the interaction among ice sheets and the loading of the ocean floor by meltwater affects the C The Author(s) 2017. Published by Oxford University Press on behalf of The Royal Astronomical Society. spatial distribution of viscous heating. A realistic loading history is also important, as it will eliminate the unrealistic results due to unreasonably fast or slow deglaciation histories. In addition, we consider three types of mantle rheologies in our Earth models: linear, non-linear and composite rheologies to see how large nonlinear creep can affect the magnitude of viscous dissipation. Besides studying the effect of viscous heating on surface heat flux, we also study the following questions: what temperature changes inside the Earth are produced by viscous heating induced by glacial cycles? Do these temperature changes significantly affect present-day seismic velocities and thus the interpretation of seismic tomography? Can they affect viscosity and thus mantle flow induced during GIA?
In the following sections, we will start with a brief review of the three different types of mantle rheologies, and provide a brief discussion of our model. Then, we will present the results, focusing on the magnitude and spatial and temporal distribution of viscous heating for some simple and other more sophisticated Earth models. After that, we will estimate the effects of viscous heating on the upper bound of heat flux change and see if the upper bound of temperature increase can trigger volcanism and affect ice stability or material properties inside the Earth.
T H E M O D E L

Mantle rheologies and rate of viscous dissipation
Creep experiments on mantle rocks show that both linear and nonlinear creep laws operate in the mantle (e.g. Karato & Wu 1993) . If both creep laws operate simultaneously, then we have composite rheology. For this case, the creep mechanism with the highest creep rate becomes the dominant creep mechanism.
The constitutive relation for these rheologies relates the deviatoric stress σ D and the deviatoric strain rateε D , which are defined as
where σ andε are the stress tensor and the strain rate tensor, respectively, I is the identity tensor, σ ii is the sum of diagonal components of σ andε ii is the sum of diagonal components ofε. In the following, we refer to σ Di j andε Di j as the components of σ D andε D , respectively. The relation between σ D andε D for composite, linear and nonlinear rheologies can be expressed as (e.g. van der Wal et al. 2010) :
Here, η is the dynamic viscosity for linear creep, A is the nonlinear creep parameter determined from shear experiments, and its value depends on temperature, pressure and material properties. σ E is the effective deviatoric stress defined by σ E = 1 2 σ Di j σ Di j and n is the stress exponent with experimental value between 2 and 6. Here, we will take n = 3, as that is a typical value for mantle rocks (Karato & Wu 1993 , Ranalli 1995 . If A = 0, then eq. (3a) reduces to the relation for linear rheology. If A = 0 and η = ∞, then it becomes the relation for non-linear rheology. It is useful to define the effective viscosity η eff = 1 2 ( 1 2η For non-linear or composite rheology, the effective viscosity changes with stress level and thus with space and time. For nonlinear rheology or composite rheology with a fixed η, a decrease in σ E will result in an increase in effective viscosity.
The viscous dissipation rate φ (hereafter called 'viscous heating') is given by (e.g. eq. 7 in Hanyk et al. 2005) :
This shows that shear heating decreases if the effective viscosity increases provided that σ D does not change rapidly. For surface loading problems like GIA, σ D is determined by the changing surface loads, although σ D is also affected by stress relaxation where the decay time constant is proportional to the effective viscosity. In terms of von Mises stress τ = √ 3σ E , the creep parameter A and viscosity η, eq. (4a) can be written as:
which clearly shows the strong dependence of φ on von Mises stress τ . Eq. (4a) can also be written as: φ = 2η effεD :ε D which shows that viscous heating would increase with larger effective viscosity provided that the strain rateε D is constant. For our problem,ε D is not constant, butε D :ε D is determined by (σ D /η eff ) 2 . Thus, eqs (4a) or (4b) will be used for our discussion below.
The GIA model
The Coupled Laplace-Finite-Element (CLFE) GIA model of Wu (2004) , later modified by van der Wal et al. (2010) , is used in this study. Finite-element grids with different (0.5
• and 2 • ) spatial resolution have been used for the computations. It is found that 2
• resolution is adequate for our purpose. The inputs of the GIA model are elastic and creep parameters for the Earth model, and ice loading history.
Unlike the simple ice sheet model used in Hanyk et al. (2005) , the ice model used here is the realistic global ICE6G model of Peltier et al. (2015) . Since ICE6G provides ice thickness history from 26 kBP to the present, we assume that the ice thickness increased linearly from zero at 108 kBP to the ice thickness at 26 kBP. Also, the ice was taken from the water in the oceans and meltwater returned to the oceans. The self-consistent sea level equation is solved for realistic oceans (Wu 2004) . Since the effects of time-dependent coastline and rotational feedback are small on the von Mises stress τ and shear heating, they have not been included. As we shall see below, the localization of viscous heating in time makes the consideration of previous glacial cycles unnecessary.
For the Earth models, the elastic parameters for models M1-M3 are the same as those in van der Wal et al. (2010) , and for M4, they are the same as that in model VM5a of Peltier et al. (2015) . The rheological parameters are described in Table 1 . Here, parameter A * is the creep parameter determined from uniaxial experiments and is related to A, the creep parameter from shear experiments (van der Wal et al. 2010) . In Table 1 , M1 and M4 are linear rheological models. M1 has a uniform viscosity of 3 × 10 21 Pa s, while in M4, the viscosities in the upper mantle (100-670 km depth), shallow lower mantle (670-1271 km depth) and deep lower mantle (1271-2891 km depth) are 5 × 10 20 , 1.6 × 10 21 and 3 × 10 21 Pa s respectively. M4 is considered because model VM5a is used for the construction of ICE6G (Peltier et al. 2015) , and so these should be used together. The rheological parameters in models M2 and M3 are uniform in the mantle. M2 has a non-linear rheology, while model M3 has a composite rheology. In other models, the effects of compressibility and a low viscosity (LV) zone below the lithosphere are also studied (see Tables 2-4) as they can also affect the magnitude of viscous heating.
The outputs of the CLFE model contain spatial temporal evolution of the displacements and state of stress throughout the mantle. From the stress output at any time step, the local viscous heating for each element can be computed using eqs (4a) or (4b). In this paper, viscous heating is normalized by the chondritic radiogenic heating of 3 × 10 −9 W m −3 (Hanyk et al. 2005) .
R E S U LT S
Spatial-temporal distribution of viscous heating for M1-M4
In Fig. 1 , the spatial distribution of normalized viscous heating for models M1-M4 is shown at 13 kBP, the time when the viscous heating peaked (see Figs 2-5 below). It can be noted that viscous dissipation mainly occurs around past ice margins in Laurentia, the North American Cordillera, Fennoscandia and the Barents Sea area where the shear stresses are largest. Due to the constructive interference between the thick Laurentide ice sheets and the thinner Cordilleran ice sheet at 13 kBP, the peak amplitude occurs between their ice margins. However, in the ocean area between the northeast coasts of Canada and Greenland, the destructive interference between ice and water loading results in very low viscous heating. Similarly, constructive interference between the thinner ice sheets in Fennoscandia and the Barents Sea at 13 kBP, results in a smaller local peak between them. Fig. 1 also shows that the magnitude of viscous dissipation for M2 and M3 is more than two times higher than that for M1. The similarity between the results of M2 and M3 at this and all other times indicates that non-linear creep dominates in the composite rheology. However, the presence of an LV upper mantle in M4 results in much higher viscous heating than for M1-M3. The maxima in M1, M2, M3 and M4 are 3.95, 10.14, 10.04 and 22.36 times that of chondritic radiogenic heating, respectively. To visualize how viscous heating varies with depth, vertical crosssections in Laurentia and Fennoscandia are shown in Figs 2-4. The locations of these vertical cross-sections are indicated by the two dashed lines in the subplot for M2 in Fig. 1 .
Figs 2-4 also show how viscous heating varies with time from 15 kBP to 13 and 10 kBP. The spatial-temporal variation in Laurentia for M1 and M2 (similarly for M3) are shown in Fig. 2 , while those in Fennoscandia are shown in Fig. 3. Fig. 4 shows the variation in both Laurentia and Fennoscandia for M4. In general, Figs 2-4 show that the location and magnitude of high viscous heat changes with time and in space and the magnitude of viscous heating peaks at 13 kBP. As we shall see in Fig. 5 , this is mainly due to the changes of ice thickness and location of the ice centre in time.
From Figs 2-4, we see that the peak of viscous heating in M1 generally occurs between 400 and 670 km depth, but in M2 (similarly for M3), the peak under Laurentia is at a shallower depth (Fig. 2) . Under Fennoscandia, the locations of the peaks in M1 and M2 are at comparable depth until 13 kBP, after that the peak in M2 is again at a shallower depth than in M1 (Fig. 3) . In M4, the presence of the LV upper mantle above a higher viscosity lower mantle pushes the peak to a shallower depth than M1 (Fig. 4) . All these are due to the spatial distribution of the von Mises (equivalent) stress τ which is affected by the viscosity structure of the Earth model. Thus, we see that the magnitude of maximum local viscous heating depends on mantle rheology. Fig. 5(a) shows the local ice history at the Earth's surface above the sites with maximum viscous heating for the Earth model under consideration. The time evolution of viscous heating at the sites with maximum heating is shown in Fig. 5(b) . At other locations in the Earth, the viscous heating may have a smaller magnitude than the maximum value, but, the value may peak at different times. When all the sites in the mantle are considered, the maximum viscous heating for the whole mantle is shown in Fig. 5(c) .
Inspection of Figs 5(a) and (b) shows that maximum viscous dissipation occurs near the end of deglaciation at 13 kBP when the rate of melting is fastest. This confirms the finding of the simple ice deglaciation models of Hanyk et al. (2005) . In addition, the sharp decline of viscous heating after 13 kBP means that the effect is localized in time, thus the effects of previous glacial cycles are small and can be neglected in our computation.
Effect of A * and η on the magnitude of viscous heating in uniform mantles
In the last subsection, the spatial-temporal variation of viscous heating is shown for a fixed value of A * and η. In this section, we study how the values of A * and η affect the peak value of viscous heating at all times in uniform mantles like M1-M3. We study the range of values for A * from 1 × 10 −36 to 1 × 10 −33 Pa −3 s −1 and, for η, from 3 × 10 20 to 3 × 10 22 Pa s as these represent typical values found in uniform mantles.
The results are summarized in Table 2 . For linear rheology (top row below the labels), it can be seen that the lower the mantle viscosity, the larger is the viscous heating (see discussion of eqs 4a or 4b above).
For non-linear rheology (the column on the far right), the largest viscous heating is achieved around A * = 1.11 × 10 −34 Pa −3 s −1 . This is due to the trade-off between the parameter A * (or A) and τ : for small values of A * (below 1.11 × 10 −34 Pa −3 s −1 ), the relaxation time is long and the magnitude of von Mises stress τ does not change rapidly in time. According to eq. (4a), viscous heating increases with larger value of A * when rheology is non-linear because the effect of stress relaxation is small. However, when A * is above 1.11 × 10 −34 Pa −3 s −1 , the relaxation time is fast and thus τ decreases rapidly, causing viscous heating to decrease with further increasing of A * . For composite rheology, the trade-off between A * and τ also exist, but the relaxation time of τ is further modified by the value of η. Thus viscous heating no longer peaks at A * around 1.11 × 10 −34 Pa −3 s −1 (see Table 2 ), but at smaller value of A * when the value of η decreases. Table 2 shows that the largest viscous heating within the studied range of parameters is at A * = 1.11 × 10 −36 Pa −3 s −1 and when η has the lowest value of 3 × 10 20 Pa s (see eq. 4b).
Effect of mantle compressibility
Next, we investigate the effect of material compressibility for linear, non-linear and composite rheology by changing the Poisson's ratio from around 0.5 (incompressible material) to 0.2877 (compressible). The results for models with uniform mantle are summarized in Table 3 which show that compressibility almost doubles the peak viscous heating when the rheology is linear. This is in line with the finding of Hanyk et al. (2005) . The reason is that the 162 von Mises stress τ in the upper mantle increases with compressibility. However, from the perspective of strain rate, the reason is less clear: intuitively, with compressibility, volumetric strain rateε t rr is greater than zero. However, it is well known (e.g. Chandrasekhar 1981, p. 14, eq. 29) that φ = 2η(ε 2 rr , which is apparently the case. Table 3 shows that the effect of compressibility is not as large when the rheology is non-linear or composite because the increase in von Mises stress is smaller.
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Effect of a low viscosity zone
From model M4, we saw that an LV upper mantle is able to give a peak value of viscous heating of 22.36 times that of chondritic radiogenic heating. Here, we want to explore the effect of even lower viscosity in the LV zone below the lithosphere for all three types of rheology. The models are modified from VM5a with the addition of an LV zone. The thickness and rheology (A * and η) of the LV zone are listed in Table 4 is set to 1.11 × 10 −34 Pa −3 s −1 in non-linear rheology because this value gives the largest of the peak viscous heating for uniform nonlinear rheology models as shown in Table 1 . For the same reason, the parameters for composite rheology are taken to be A * = 1.11 × 10 −36 Pa −3 s −1 and η = 3 × 10 18 Pa s. Results in Table 4 show that the existence of the LV zone can increase the peak value of viscous heating to be over 100 times that of the chondritic radiogenic heating in linear rheology and composite rheology, compared with about 20-30 times in nonlinear rheology. This result is also consistent with the predictions of eq. (5). In the following section, we shall investigate whether viscous heating produces significant changes in temperature or surface heat flow.
U P P E R B O U N D O N H E AT F L O W A N D T E M P E R AT U R E C H A N G E
The spatial-temporal evolution of viscous dissipation inside the Earth can be treated as an extra heat source which we denoted as H ( r , t) and has units of energy generated per unit volume and per unit time. This heat source can raise the local temperature and result in net heat flow according to the heat flow equation (e.g. Turcotte & Schubert 2014) ,
Here,
∂ ∂t
T ( r , t) denotes the rate of temperature change of a volume element with density ρ and specific heat C; q( r , t) is the heat flux and ∇ · q( r , t) denotes the net heat flow out of the volume element. To complete the computation, note that the heat flux is related to the temperature gradient by Fourier's law of conduction:
where κ is the coefficient of thermal conductivity. In this paper, we are only interested in estimating (i) the upper bound of the induced heat flux (or heat flow) and (ii) the upper bound of the temperature increase due to viscous heating. To estimate the upper bound of the change in heat flux, we take ∂ ∂t T ( r , t) = 0 in eq. (5) and assume that the heat flow is outwards in the radial direction only. After integrating with respect to the radius, one obtains
where CMB is the core-mantle boundary, and θ and ϕ are latitude and longitude respectively. To estimate the upper bound of the temperature change, we assume that there is no heat flux in eq. (5) and do the time integration from 26 kBP to the time under consideration (since the heat generated before 26 kBP is very small) to get
where C is taken to be 1 kJ kg Fig. 6 shows that the upper bound of the heat flux at 13 kBP peaks between the edge of the Laurentide and the Cordilleran ice sheets just like in Fig. 1 and the peak magnitude is of the order of 10-30 mW m −2 . To put these numbers in perspective, the mean continental heat flux is around 65 mW m −2 (Jaupart & Mareschal 2007) and the mantle heat flux in Canada is about 15 mW m −2 (Jaupart & Mareschal 2007) . Thus, the transient heat flux from viscous dissipation due to GIA is not negligible at 13 kBP. An interesting question is whether this extra heat flux near the boundary between the Laurentide and the Cordilleran ice sheets can affect ice stability there. However, since the area of high heat flux is small and the period of high heating is relatively short, the effects on the upper bound of the total heat flow or temperature change are small. This will be demonstrated below.
How does viscous heating affect the total heat flow out of the Earth? Fig. 7 shows the time evolution of the total heat flow for models M1-M4. This is obtained by integrating the surface heat flux over the surface area of the whole Earth. For M2 and M3, the maximum total heat flow due to viscous heating is at 14 kBP, while for models with linear rheology (i.e. M1 and M4), it is around 10 kBP. The reason why they are at different times is due to the difference in the η eff and the growth and decay of von Mises stress τ in different models. For M2 and M3, the von Mises stress in the Earth is larger at 14 kBP, while for M1 and M4 it is larger around 10 kBP. For models M1-M4, the total heat flow attained a peak value of around 0.15-0.20 TW, but today the values are less than 0.02 TW. For the models with an LV zone, the peak value of total heat flow is similar to that in M4 although the maximum viscous heating is about five times larger. Since the total heat loss of the Earth today is around 44 TW (Stein 1995) , 0.2 TW is less than 0.5 per cent of the current heat loss.
Finally, we wish to estimate the upper bound of the temperature change induced by viscous heating for model M4, which has the largest viscous heating in models without LV zone. Fig. 8 shows the upper bound of the temperature change at different depths accumulated up to 13 and 0 kBP (see eq. 8). We can see that the upper bound of the temperature change due to viscous heating is only of the order of 2 × 10 −3 • C. However, we can see in Table 4 that the maximum viscous heating for linear and composite rheology models with an LV zone is about five times larger than that for M4, which makes the temperature change almost one order of magnitude larger, that is, 1 × 10 −2 • C. Even if there are 30 glacial cycles, then the largest temperature change can only be about 0.3
• C. Thus, the upper bound of the temperature change due to viscous heating is still too small to affect the mantle temperature field, to induce any widespread melting or volcanism or to significantly affect mantle rock properties (including seismic velocities today or mantle viscosity which can potentially affect mantle flow) or affect ice sheet stability.
C O N C L U S I O N S
We modeled viscous heating in linear, non-linear and composite rheologies using realistic oceans and realistic ice history model ICE-6G. We found that viscous heating is determined by both mantle rheology and ice history. In particular, the magnitude peaks near the end of deglaciation and near the edge of ice sheets. The spatial distribution of viscous heating is also affected by the presence of ocean loading. In general, a small value of η gives the largest viscous heating and for a fixed value of η, larger heating is found in composite rheology than in linear rheology. The viscous heating induced is of the order of 10 −9 -10 −7 W m −3 for a range of reasonable rheology parameters. The upper bound of the transient heat flux due to viscous heating can be as high as about 30 mW m −2 which is not negligible, and is consistent with the finding of Hanyk et al. (2005) . However, since the area with heat production is small and the time period of heat production is short, the upper bound of the temperature change due to viscous heating over 30 glacial cycles is of the order of 0.3
• C only. Contrary to the suggestion of Hanyk et al. (2005) , we show that even when taking into account non-Newtonian or composite rheology, the upper bound of temperature change due to viscous heating is not large enough to trigger volcanism, affect ice stability or mantle material properties such as seismic velocity and viscosity.
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